We introduce multi-tribrackets, algebraic structures for region coloring of diagrams of knots and links with different operations at different kinds of crossings. In particular we consider the case of component multi-tribrackets which have different tribracket operations at single-component crossings and multicomponent crossings. We provide examples to show that the resulting counting invariants are generally stronger than the counting invariants associated to the standard tribracket coloring. We reinterpret the results of [10] in terms of multi-tribrackets and consider future directions for multi-tribracket theory.
Introduction
Niebrzydowski Tribrackets are ternary operations on sets which satisfy conditions motivated by the Reidemeister moves in knot theory. A set X with a ternary operation in which the actions of all three variables are invertible is called a ternary quasigroup, and a ternary quasigroup is knot-theoretic if it satisfies a condition related to the Reidemeister III move.
In [11] , Niebrzydowski considered region colorings of knot diagrams by ternary quasigroups. In [12] he introduced a (co)homology theory for these objects analogous to quandle (co)homology and further developed this theory in [14] and [13] . An isomorphism between this (co)homology theory and a new cohomology theory of objects called local biquandles was established in [9] .
In [8] biquasiles, algebraic structures defined by pair of quasigroups satisfying certain conditions related to Reidemeister III moves interpreted in terms of dual graph diagrams, were introduced. In [3] the biquasile coloring invariant was enhanced with Boltzmann weights, which can be understood as special cases of tribracket cocycle invariants defined in [12] . In [7] biquasile colorings and Boltzmann enhancements we used to study orientable surface-links.
In [10] , tribracket colorings were extended to virtual knots and links and in [4] , tribrackets were enhanced with partial products to define Niebrzydowski algebras, algebraic structures for coloring Y -oriented spatial graphs and handlebody-links.
In this paper we define multi-tribrackets, a generalization of the tribracket structure which includes virtual tribrackets from [10] as a special case and which defines stronger counting invariants for virtual knots and links with multiple components. The paper is organized as follows. In Section 2 we review tribrackets. In Section 3 we introduce multi-tribrackets and identify special cases for use with virtual knots and with multicomponent links. We compute examples of counting invariants associated to these structures and show that they are stronger than the single tribracket counting invariants. We end in Section 4 with questions for future research.
Tribrackets
We begin with a definition; see [11, 9] etc. for more. Definition 1. Let X be a set. A horizontal tribracket operation on X is a ternary operation [, , ] : X × X × X → X satisfying (i) In the equations [a, b, c] = d, any three of the variables determines the fourth, and
A ternary operation , , : X × X × X → X is a vertical tribracket if it satisfies Equivalently, for all x, y ∈ X, the maps α x,y , β x,y , γ x,y : X → X defined by 
as required. Example 3. For a finite set X = {1, 2, . . . , n} we can specify a tribracket operation with an operation 3-tensor, i.e., an ordered list of n n × n matrices, where the entry in matrix i row j column k is [i, j, k].
For example, there are two horizontal tribracket maps on X = {1, 2}, which are specified by the operation 3-tensors 1 2 2 1 , 2 1 1 2 and 2 1 1 2 , 1 2 2 1 .
The horizontal and vertical tribracket axioms are motivated by the following region coloring rules:
and .
An assignment of elements of X to the regions in an oriented link diagram L satisfying these rules will be called a tribracket coloring or an X-coloring of L. From these coloring rules, we can observe that given a horizontal tribracket, there is an induced vertical tribracket (and vice-versa) satisfying
See also [9] . Moreover, we have the following: We have coloring equations
or in matrix form 3 1 4 2 3 2 4 1 ↔ 1 0 3 1 0 1 0 4 so there are 5 2 = 25 X-colorings of L2a1, including and etc. This distinguishes the Hopf link from the unlink of two components, which has 5 3 = 125 X-colorings.
Multi-tribrackets
Let us now generalize tribrackets to the case of multi-tribrackets. The motivation is to have distinct tribracket operations at different kinds of crossings with interaction laws determined by the Reidemeister III move analogues we wish to allow, conveniently indexed by tuples of crossing types. More precisely, we have: 
A vertical multi-tribracket structure on X with profile S is an n-tuple of ternary operations , , 0 , , , 1 , . . . , , , n : X × X × X → X Definition 2 is motivated by thinking of the three crossings in our move as being of potentially different types with different tribracket operations at each crossing type. We call this the type-labeled Reidemeister III move of type (x, y, z):
By construction, we obtain the following theorem:
Theorem 2. The number of colorings of a type-labeled link diagram by a multi-tribracket of profile S is unchanged by type-labeled Reidemeister moves whose types are in S.
Definition 3. Let X be a multi-tribracket with profile S. Then the number of X-colorings of an oriented link diagram is an integer-valued invariant of links modulo type-labeled Reidemeister moves whose types are in S. We denote this invariant as Φ Z X (L).
Example 5.
A tribracket is a multi-tribracket with n = 1 and S = {(0, 0, 0)}. Type-labeled Reidemeister III moves here are just regular Reidemeister III moves, so Φ Z X (L) is an invariant of oriented links.
Example 6. The case that originally motivated this paper was the idea of having different tribracket operations at single-component crossings (numbered 0) and at multicomponent crossings (numbered 1) as shown:
In this case we need profile S = {(0, 0, 0), (0, 1, 1), (1, 0, 1), (1, 1, 0), (1, 1, 1)} since we can have all three crossings on the same component, one crossing with both strands on the same component and two on different components, or all three crossings on different components.
We call such an X a multicomponent multi-tribracket. For such an X, Φ Z X (L) is an invariant of oriented links which agrees with the usual counting invariant with respect to the X 0 3-tensor for knots but can be different for links.
For instance, the pair of operation 3-tensors In particular this example shows that multi-tribracket counting invariants in general are stronger than singletribracket counting invariants for links.
Example 7. We computed the counting invariant Φ Z X (L) for all prime links with up to 7 crossings with respect to the multicomponent multi-tribracket [10] , is a multi-tribracket with n = 2 and profile S = {(0, 0, 0), (0, 1, 1), (1, 0, 1), (1, 1, 0), (1, 1, 1)} satisfying for all x, y, z ∈ X and it is easy to see that no such triple exists; hence this virtual link has no X-colorings.
Example 9. For our final example let us consider the case of welded links. Welded links can be understood as virtual link in which we are allowed to move a classical strand over but not under a virtual crossing, thinking of the virtual crossing as "welded" to the paper (see e.g. [1] .) This extra move means we can obtain invariants of welded isotopy by taking counting invariants using welded tribrackets, multi-tribrackets with n = 2 and profile S = {(0, 0, 0), (0, 1, 1), (1, 0, 1), (1, 1, 0), (1, 0, 0), ( It then follows that the number of colorings of a welded link diagram by a welded tribracket is an invariant of welded links.
Questions
We conclude in this section with several possibilities for future directions of research.
• Parity multi-tribrackets. For any crossing in a knot or link diagram, the parity (even or odd) of the number of crossing points one encounters on the journey from the overcrossing point to the undercrossing point is unchanged by Reidemeister moves. This has led to the notion of parity biquandles in [5] , which are effectively just usual biquandles when applied to classical knots but yield stronger invariants for virtual links. Parity multi-tribrackets are more difficult to define because of the necessity of including an operation at virtual crossings, but a parity virtual tribracket should be a triple of compatible tribrackets defining operations at even, odd and virtual crossings.
• Enhancements. As with quandles, biquandles and other coloring structures, we can define enhancements of the multi-tribracket counting invariant, e.g. extending the tribracket modules in [6] to the case of multi-tribrackets.
• Homology. How can we modify the tribracket homology found in [13, 9] to adapt to the case of multi-tribrackets?
• Multi-cocycle enhancements. Following [2, 6] , define a general theory of multi-tribracket cocycle enhancements.
